In this paper we extend and generalize the concept of F-contraction to F-weak contraction and prove a fixed point theorem for F-weak contraction in a complete G-metric space. The article includes a nontrivial example which verify the effectiveness and applicability of our main result.
Introduction
The Banach fixed point theorem for contraction mappings has been generalized and extended in many directions (see [1] , [2] , [3] , [4] , [7] , [9] , [10] , [11] and [12] ) and the reference therein. In [5] , Dhage introduced D-metric space as a generalization of metric space and proved many results for this metric. But in 2005, Mustafa and Sims [8] proved that these results are not true in topological structure and hence they introduced G-metric space as a generalized form of metric space. Since then, many fixed point results have been developed by different authors in G-metric spaces. In 2012 ,Wardowski [13] introduced a new concept of F-contraction and proved a fixed point theorem for such a map on a complete metric space which generalizes Banach contraction principle in a different direction. Recently in 2014, Wardowski and Van Dung [14] defined the notion of F-weak contraction in metric spaces and generalized the theorem of Wardowski [13] . Also, Gupta [6] in 2014, introduced the notion of F-contraction in G-metric space and proved a fixed point theorem concerning F-contraction. In this paper, we introduce the notion of F-weak contraction in a complete G-metric space which is a generalization of the concept of F-weak contraction due to Wardowski and Van Dung [14] . We also extend and generalize the fixed point theorem due to Gupta.
Preliminaries and notations
Definition 2.1. [8] Let X be a nonempty set, G : X × X × X → ℜ + be a function satisfying the following properties: 
Definition 2.4. [6]Let (X, G) be a G-metric space. A mapping T : X → X is said to be an F-contraction if there exists a number
τ > 0 such that G(T x, Ty, T z) > 0 ⇒ τ + F(G(T x, Ty, T z)) ≤ F(G(x, y, z)) for all x, y, z ∈ X.
Remark 2.1. Clearly Definition 2.4 and (F1) implies that G(T x, Ty, T z) < G(x, y, z) for all x, y, z ∈ X with T x ̸ = Ty ̸ = T z. Hence every F-contraction mapping is continuous.
We now introduce the notion of an F-weak contraction in a G-metric space and prove a fixed point theorem for Fweak contractions, which generalizes some results known from the literature. Examples are given to show that our result is a proper extension of [[6] , Theorem 2.9].
Definition 2.5. Let (X, G) be a G-metric space. Let F be a mapping as defined in Definition 2.3. A mapping T : X → X said to be an F-weak contraction on (X, G) if there exists a number
τ > 0 such that for all x, y, z ∈ X satisfying G(T x, Ty, T z) > 0, the following holds: τ + F(G(T x, Ty, T z)) ≤ F(max{G(x, y, z), G(x, T x, T x), G(y, Ty, Ty), G(z, T z, T z)}) (2.1)
Remark 2.2. (1) Every F-contraction is an F-weak contraction.
The following example shows that the converse in not true.
Since T is not continuous, therefore it is not an F-contraction for any mapping F as described in Definition 2.3. However, for x, y ∈ [0, 1), z = 1, we have G(T x, Ty, T 1) = G( Proof. Let x 0 ∈ X be arbitrary. We define a sequence {x n } in X given by x n = T x n−1 for all n ∈ N. If there exists n 0 ∈ N for which x n 0 +1 = x n 0 , then T x n 0 = x n 0 . This shows that x n 0 is a fixed point of T. Therefore, we assume that x n+1 ̸ = x n for every n ∈ N ∪ {0}. 
Letting n → ∞ in (3.5) and using (3.3) and (3.4) we have
Then there exists a positive integer n 1 such that np k n < 1 for all n ≥ n 1 . Consequently
Further we show that {x n } is a Cauchy sequence. Now for all m > n ≥ n 1 using (3.7), we have
International Scientific Publications and Consulting Services
As k ∈ (0, 1), the series Σ ∞ Now we prove that x * is a fixed point of T by considering the following two cases:
Case 1 If T is continuous. We have
This proves that x * is a fixed point of T .
Case 2 If F is continuous. We consider the following two subcases:
Therefore, we get
Since F is continuous, taking limit as n → ∞ in (3.9), we obtain
Subcase 2 :There exists a subsequence {x n k } of {x n } such that x n k +1 = T x * for all k ∈ N. Then we have
This shows that x * is a fixed point of T.
Combining above two cases, we get that T has a fixed point x * in X.
Now we show the uniqueness. Let x * and y * be two fixed points of T . Suppose that x * ̸ = y * . Then T x * ̸ = Ty * . It follows from (2.1) that The following example shows that our theorem is a proper extension of Theorem 2.9 by Gupta. 
